MATH 1010A/K 2017-18
University Mathematics
Tutorial Notes VII
Ng Hoi Dong
L’Hopital’s Rule

Suppose b > a and ¢ € (a,b), f,g : (a,b) — R is a function differentiable on (a, b) \ {c}.

Suppose lim f(x) =0 = lim g(x) OR lim f(x) = +o0 = lim g(x).
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In fact, the Rule is still true when c is replaced by ¢*, ¢~ or +oco.
Taylor’s Polynomial
Let f be a function which is k-times differentiable on some interval I, and leta € I.

The k-th Taylor’s Polynomial of f centered at a is defined by
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Useful Taylor’s Polynomial
Let P, (x) be the k-th Taylor’s Polynomial of f centered at 0.
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Question
(Q1) Use L’Hopital’s Rule to evaluate the following limits.
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(Q2) Find

(a) 8-th Taylor’s Polynomial of f(x) = ¢*” centered at 0.

(b) 5-th Taylor’s Polynomial of f(x) = xe* centered at O.

(¢) 10-th Taylor’s Polynomial of f(x) = cos x centered at z.
(d) 6-th Taylor’s Polynomial of f(x) = In(1 + x) centered at 0.

(e) 5-th Taylor’s Polynomial of f(x) = centered at 0.
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centered at 0.

(f) 6-th Taylor’s Polynomial of f(x) = sinh x dzef
(g) 7-th Taylor’s Polynomial of f(x) = tan~! x centered at 0.
(h) 3-th Taylor’s Polynomial of f(x) = \/l-l-_x centered at 0.
(i) 6-th Taylor’s Polynomial of f(x) = \/l-l-—x2 centered at 0.
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(Q3) Find all horizontal, vertical and oblique asymptotes of y = x—2
x| —

(Q4) Sketch the graph of y = (1 + 3x) e,



Answer

(A1) (Please remember to check the condition!)

(a)
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sin3x — 0 and sin5x — 0.
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asx — 0,

Incos2x — —oco and Incos x — —co.

asx —> 0

tan2x — 0 and tanx — 0.
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(e)
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(A2) (It will be better if you can show the formula in the first page)
For some question, it is difficult to find the polynomial directly from definition.
But you CAN find it by using definition at least for (c),(d),(e),(f),(h).
(a) Note that 4-th Taylor’s Polynomial of g(w) = e centered at O is
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Substitute w = x~ we will have 8-th Taylor’s Polynomial of f(x) = ¥ centered at 0 is

4 x0 %8

I+ + -+ 24 5
276 24

ote that 4-th laylor's Polynomial o w) = e” centered at 0 18
(b) N hat 4-th Taylor’s Poly ial of g(w) w datOi

2 w3

l+w+ L+ 242
2 6 24"

S
i

Multiply w on g, we will have 8-th Taylor’s Polynomial of f(x) = xe* centered at O is
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(¢) There are two method:

(Method 1) Note that 10-th Taylor’s Polynomial of g(w) = cos w centered at x is
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Note that — cos(x — 7) = cos x, substitute w = x — x,
we will have 10-th Taylor’s Polynomial of f(x) = cos x centered at x is
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(Method 2) Note that

f(x) =cosx,
f'(x) = —sinx,
f"(x) = —cosx,

f"(x) =sinx,
f(4)(x) = COS X,
FOx) = —sinx,
f(6)(x) = —COS X,
FD(x) = sinx,
f(g)(x) = Ccos X,
f(g)(x) = —sinx,

f(lo)(x) = —COoS X,

f(m)=-1,
f'(x) =0,
() =1,
(@) =0,
O = -1,
O =0,
O =1,
) =0,
O = -1,
O =0,
49 = 1.

We will have 10-th Taylor’s Polynomial of f(x) = cos x centered at z is
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(d) There are two method:
(Method 1) Note that 6-th Taylor’s Polynomial of g(w) =
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In(1 — w) centered at O is
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Substitute w = —x, we will have 6-th Taylor’s Polynomial of

f(x) =In(1 — x) centered at O is
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(Method 2) Note that

f(x) =1In(1 + x),
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fO =0,
1o =1,
OEZSH
/"o =2,
[P0 =-3,
rO0) =41,
f©©0) = -5!.

We will have 6-th Taylor’s Polynomial of f(x) = In(1 — x) centered at 0 is
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(e) There are two method:

(Method 1) Note that 5-th Taylor’s Polynomial of g(w) =
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centered at 0 is
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1+ w+w?+uw +w* +w.
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~. Substitute w = ) and multiply 3 on g,



centered at O is

We will have 5-th Taylor’s Polynomial of f(x) = j_ 5
X
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(Method 2) Note that
()= —— NOEE
S x+42 A
/ -1 / 1
= N O = -,
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1 2 " 2
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10 = = 1o =3
n _3' 1772 3'
= s O =—-7
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@iy = 4 @y =2
190 = =5 SO0 = 3.
O (xy= 2 G0y = =
1o = = SO0 =2
We will have 5-th Taylor’s Polynomial of f(x) = -1i-2 centered at 0 is
X
1_ox 2 ¥ x ¥
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(f) There are two method:
(Method 1) Note that 6-th Taylor’s Polynomial of g(w) = e* centered at 0 is
2 W Wt W w

l+w+ 42 2 2D
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Substitute y = —w the 6-th Taylor’s Polynomial of A(y) = e™ centered at O is
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Note that f(x) = % (g(x) = h(x))
We will have 6-th Taylor’s Polynomial of f(x) = sinh x centered at O is

3 XS
X+ g + ;
(Method 2) Note that

f =2 £ =0,
fie = SEE £ =1,
f =2, £10) =0,
e = S 0 =1,
e = E2, 90 =0,
fO = S OO =1,
ﬂ%m=&;fﬁ 790 = 0.

We will have 6-th Taylor’s Polynomial of f(x) = sinh x centered at O is



() If £(x) = tan! x, then f'(x) = —— and £(0) = 0.
1+ x2

Note that 3-th Taylor’s Polynomial of g(w) =

1 .
centered at 0 is
1-w

1+ w+ w” +w.

Substitute w = —x2,
we have 6-th Taylor’s Polynomial of A(x) = f/(x) = I centered at 0 is
x
1—x?+x*—x°,
Then we know
f10)=h0)=1, f(0)=h'0)=0, "0 =n"0) = -2,
fOO=nr"0=0, 00 =r0) =4, FO0) =0 =0,

£D0) = h®(0) = —6!.

We will have 7-th Taylor’s Polynomial of f(x) = tan~! x centered at 0 is

SN S 4
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(h) Note that
£ =1+ )7, FO) =1,
=50 +072, ro=1,
=2+, o=
00 =20+ 07, =2

We will have 3-th Taylor’s Polynomial of f(x) = 1/1 + x centered at O is

1 1, 1 3
l+=x—= —x°.
+2x 8x+l6x

(i) Using (h), we will have 6-th Taylor’s Polynomial of f(x) = V/1 + x2 centered at 0 is
1, 14 1 ¢

I+ =x"—=x"+ —x".
2F T8 T 16"
(A3) Note that
22+ x+1 .

x|x] +x*+x+1 -2 ifx >0
y=f=—r-—""=1 %1 -
x| - _XE ifx <0

x+2

Note that the denominator of the expression of y will be 0 if x = +2.
That is, f(x) > o0 asx —»> 2 or x - —2.

Therefore, x = 2 and x = —2 is a vertical asymptotes of y = f(x).

Moreover, lim f(x)= lim _x+l =-1.
xX—=00 xo—c0 X +2
Hence, y = —1 is a horizontal asymptotes of y = f(x).
. I 2x +x+1 11
Using long d , we know =—=————— = (2x +5) - ——.
sing long division, we know ) 2x+5) )



Therefore, lim [£(x) - 2x +5)] = lim ——1— =
X—00 x—oo x4+ 2

Hence, y = 2x + 5 is a oblique asymptotes of y = f(x).
(Ad) (Need to find y',y", turning and inflection point and asymptotes.)
(Write down ALL the details please.)
(Step 1) Note that
y= (1 + 3x) e
y==-2 (1 + 3x) 72X 4 372X
= (1 - 6x) o™X
y'==2 (1 - 6x) e — 62X
= (-8+12x) ™™
(Step 2) Whenx =0,y = 1.
By solving y = 0, we know the root of y are x = —%

By solving y' = 0, we know the turning point is (é, %e_

1

3 ).
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By solving 3" = 0, we know the infection point is (%, 3e” )
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y -ve 0 +ve %e_E +ve 3¢ 3 +ve
y +ve +ve +ve 0 (Local max) -ve -ve -ve
! -ve -ve -ve -ve -ve 0 +ve

(Step 3) The ONLY (why?) asymptotes of yis y = 0as x — oo.
(Step 4) Sketch the graph.




